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PO3B’A3YBAHHA A/ITEBPAIYHUX PIBHAHb B MOAY/IbHUX APUGMETUKAX

AHomayis. Y 6azamoox 3a0a4yax meopii yuces ma OUCKpemHoi MamemamuKku 00800UMbCA BUKOHY8amMu apugmemuyHi
dii Hao yinumu yucaamu 3a nesHUM modyaem. [lpu makomy nidxo0i KOXHe yine YUCA0 MOXHA OMOMOXCHUMU 3 ocma4ero 3a
yum mMooynem ma po32aa0amu MHOXUHY AUWKI8 AK HO8Y, MOOYsIbHY apupmemuky.

3a3Ha4Yumo, Wo apupmemuyHi onepauii HA0 enemeHMamu ymeopeHoi makum criocobom anzebpaiyHoi cmpykmypu
8800MbCA N00i6HO 00 Mo20, K 8OHU BU3HAYEHI 05 Yinux yuces, i 8UZHAYAIOMbLCA 8i0M08IOHUMU ocmayamu 8i0 OineHHA Ha
MoOynb. [lpome, 3anexHo 8i0 Modynsd, 0edaKi 0cobauBOCMI MOXYMb 8UHUKAMU NPU MHOMCEHHI KAAcie AUWKie ma noxioHux eio
Hb020 onepayili — nidHeceHHi 00 cmeneHA ma 006y8AHHI KOPEHS, a 8i0MAK — nNpu po38’A3ye8aHHI pisHAHbL ma ix cucmem.

B apugpmemukax 3a npocmum moodynem pesyabmamu onepayili 8iOHIMaHHA ma dineHHA Ha 8iOMiHHUU 8i0 HynA enemeHm
MaKoM« € enemeHmamu yux apugpmemur. Tomy 8 HUX MOMCHA 06ilimuce 6e3 8i0’eMHUX ma Opobosux 4Yucao8ux supasie. OKpim
mozo, 8 maKux apugpmemurax 3bepicaemsca binbwicmes 8i0oMuUX a120pUMMI8 PO368°A3YBAHHA an2ebpaiyHUX piBHAHbL Ma ix
cucmem. 3 iHWOo20 6OKY, 8 aApPUpMEeMUKAx 3d CKAAOeHUM MOoOysaeM ycmaseHi npasusnd MOXYyms [opywysamucs, Wo
MOACHIOEMbCA ICHYBAHHAM 8 HUX OiflbHUKI8 HY/A.

Heseaxaroyu Ha me, wj0 BUKOHOHHA apugMemuyvHux ornepayili y CKIHYeHHUX apugMemuKax 3HAYHOK Miporo
CNUPAEMbCA HA MEOPIto KoHepyeHUili ma meopito Kineywb, AKi sus4yaromecs y Kypci anzebpu U meopii yucesn, 80cnioneHH0O
MOOYMbHUX apUMeMUK, 30KpeMa, 0cobUB0CMAM BUKOHAHHSA 8 HUX apudmemuyHuXx 0ili, p038’A3y8AHHIO PiHAHb MA ix cucmem
npuceaYeHo Auwe oKpemi nybaikayii.

Y OBaHili cmammi posanadaromecs ocobausocmi po3e’Aa3ysaHHA an2ebpaidHUX piBHAHb MaA ix cucmem y MOOY/AbHUX
apugpmemurax. [ocnidxeHo NUMAHHA pPO38’A3HOCMI OKpemMux munig an2ebpaiyHUX pieHAHb (30Kkpema, AiHilHUX ma
KeadpamHux) ma cucmem AiHiliHUX piBHAHbL y apugmemurax 3a npocmum modynem, HasedeHOo 8i0nosiOHI anzopummu i
npuknaou. Mamepian cmammi moxe 6ymu sukopucmaxuli npu 8us4yeHHi 8i0Nos8iOHUX mem 3 meopii yucen ma OUCKpemHoi
MamemMamuku, @ MAKOX po32aaHymuli Ha 3AHAMMAX CeYKYpPCie ma MamemamuyHUX 2ypmKis.

Kntoyoei cnoea: Kinbys Kaacie AuwWKie, MoOybHi apudpmemuKu, CKIHYEeHHI apupmemuku, anzebpaiyHi pisHAHHSA, NiHIlHI
PIBHAHHA, cucmemu AiHiliHUX pieHAHb.

MocraHoBKa nNpobsemu Ta aHani3 akTyanbHUX AocnimeHb. Linni pag matemaTuyHux 3aga4 3BOAMTbCA 40 MOLIYKY
OoCTaui Bif, AiNEHHA Linnx ymcen Ha aeAke umcno. [1o HUX, 30Kpema, BigHOCATbCA TEOPETUKO-YMCNOBI 3a4adi HA AOBeLEeHHA
NoAiNbHOCTI Ta BCTAaHOBAEHHA 03HAK NOAINbHOCTI.

Po3rnagatouu octavi Big AiNEHHA Winnx Ymcen Ha aeake HaTypasibHe YNCA0 M — MOAY/b, Ta BBOAAYM onepaLii 4oAaBaHHA
Ta MHOMEHHA Ha YTBOPEHUX MHOXWHaX, MPUXOAMMO A0 TaK 3BaHUX MOAY/NbHUX apudMeTUK. YUCcno enemeHTiB y LMX
apudmeTrKax CKiHYeHHe, TOMY iHOAi IX Ha3MBaOTb CKIHUEHHUMW apUPMeTUKamu.

3a3HaunMMmo, Wo B apndmeTMKax 3a NPOCTUM MOAYIEM BUKOHYIOTLCA onepaLii BigHIMaHHA Ta AiNeHHA Ha BiAMiIHHMI Big,
HYNA enemeHT. ToMmy B HUX 36epiraeTbcs BiNbLWiCTb aNTOPUTMIB PO3B’A3YBAHHSA PIBHAHb Ta X CUCTEM, LLO MAOTb MIiCLLE Y YUCNIOBUX
nonsx. 3 iHworo 60Ky, B apudMeTMKax 3a CKNaAEHUM MOAY/NEeM yCTaseHi NpaBuia MOXYTb MOPYLIYBATUCA, LLLO MOACHIOETLCA
iCHYBaHHAM B HUX AiNbHUKIB HYNA.

He3Barkaloum Ha Te, LLLO BUKOHAHHA Aill Y CKiHYeHHUX apudMeTUKaxX 3HAYHOK MiPOIO CMUPAETLCA Ha TEOPItO KOHIPYeHL,in
Ta Teopilo Kineub, AKi BMBYAIOTLCA y Kypci anrebpu W Teopii uMcen, [OCNIANKEHHIO MOAYNbHUX apuUPMEeTUK, 30Kpema,
pO3B’A3yBaHHIO B HWUX PiBHAHb Ta iX CUCTEM NPUCBAYEHO Aunwe oKkpemi nybaikauii [1-10]. Tomy po3rnag AaHoi TeMU € AOCUTb
aKkTyanbHUM. OKpim TOro, BiagMNoBiAHUI maTepian moxe byTy BUKOPUCTAHUIA NPU BUBYEHHI BiANOBIAHUX TEM 3 Teopii uncen Ta
OMCKPETHOI MaTeMATUKK, @ TAaKOXK PO3FNAHYTUI Ha 3aHATTAX CNELKYPCiB Ta MaTEMATUYHUX TYPTKIB.

Mera crartTi. Po3rnsaHyTm ocobamsocTi po3s’A3yBaHHA anrebpaiyHmx PiBHAHL Ta iX CUCTEM Y MOAY/bHUX apndmeTUKaXx.
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Y xoAi NigroToBKKM CTaTTi 6yNM BUKOPUCTAHI HAacTyMHi MeToau:

- aHani3 i cuctemaTtusauifs HaAyKoBOi Ta HaB4Ya/lbHOI NiTepaTypu, 3a AKMMU BM3HAYEHO OCHOBHI MUTAHHA LWOAO
[OCNIAXKEHHA PO3B'A3HOCTI anrebpaiiuHUX piBHAHD Ta iX CUCTEM Y MOAY/IbHUX apudMeTHKaXx;

- TEOPETUKO-YNCIOBI METOAM Ta METOAM TEOPIT KOHIPYEHL,i, Ha OCHOBI AKMX BUKOHYIOTBLCA Al Y MOAYbHUX apudMeTUKax
Ta 3 METOK AOC/IAKEHHA YMCNa PO3B'A3KIB PiIBHAHDL Ta iX CUCTEM Y MOAY/IbHUX apudMeTUKax;

- y3arabHEHHA KNAaCMYHUX NiAXO0AiB LWOAO0 PO3B'A3yBaHHA anrebpaiyHMX PiBHAHD Ta iX CMCTEM HA BUNALO0K apudMeTUK 3a
npoCcTUM moaynem.

BuKknap ocHoBHOro marepiany

1. ApudmeTnuHi onepauii y cKiHueHHUX apupmeTrKax

Hexalt Z — Kinbue uinux yncen. PO3rnaHEMO MHOXWHY Z,, = {0,1,...,m — 1}, enemeHTamMM AKOi € KNacu AULLKIB NO
MOy M (KNac MLWKIB 7 3a MOAyNeM M CKNagaeTbea 3 uncen suay 7 = {r + mt| t € Z3}). Hag knacamu MLWKiB NpUpoLHUM
YMHOM O3HaYaKTbCA Onepau,ii 4oL4aBaHHA, BiAHIMaHHA Ta MHOXeHHs enemeHTis [10; 134].

CyMmMOr0 KNacis NNLWLKIB a | Db 3a MOZY/NIEM M HAa3WBAETLCA KNAC NWKIB a + b, AKMUIA BU3HAYAETLCA OCTayelo Big, AiNeHHs Ha
m cymun a + b npefcTaBHUKIB LMX KnaciB. BianosigHo, 006ymKom KnaciB AMWKIB @ i b Ha3MBaETbCA KNac AULWKIB @ - b, AKuit
BM3HAYAETbCA OCTaYel0 Big AiNeHHA Ha m Jo6yTKy uncen a i b.

BigHiMaHHS Ta gineHHA KNnaciB IMLLKIB 33 MOZY/IEM M MOXKHa BU3HAUUTU AK onepalii, 0bepHeHi 40 A0AaBaHHA Ta MHOMEHHS
BigNoBigHO. 30Kpema, pi3HUUero KNacis NNLKIB a — D Ha3nBaloTb KNac INLLKIB X, IO 33/10BOJIbHAE YMOBY: b + X = @. AHanoriuHo,
YACMKOO Bif, AiNEHHA Knacis a i b HasuBatoTb Knac X € Zm, BNA AKOTO 4 = b-x. Pe3ynbTaTt AineHHA No3HavyaloTb X = a ¢ b abo

X =

SRS

MHOXWMHU  KnaciB NUWKIB Z,, 3 YyBEAEHUMW HA HUX apUOMETUYHMMK OnepauiamMu Ha3MBaOTb MOOY/JbHUMU
apugpmemukamu abo m-apugpmemukamu, a eNemeHTU BiANOBIAHUX Kineub — esemeHmamu m-apugpmemuru [4]. MopaynbHi
apUOMETUKM € NPUKNALAMM TaK 3BAHUX CKIHUEHHUX APUPMETUK, B AKUX YNCNIO €1IEMEHTIB CKiHYUEHHe.

Y pobotax [7, 12] po3rnaganucs ocobaMBOCTi BUKOHAHHA apudMETUYHMX il Ta onepauii nigHeceHHs A0 cTeneHa ¢
[06YBaHHA KOPEHA M-TO CTEMEHs y m-apudmeTnkax. Po3rnaHemo y umx apudmeTUKax NUTaHHA po3B’A3HOCTI anrebpaivyHmx
PiBHAHb Ta iX cucTem.

1. Po3B'A3yBaHHA anrebpaiuHUX PiBHAHb Y MOAY/NbHUX apudmeTUKax

Hexai y apudpmeTunui 3a mogynem m 3agaHo NiHiliHe piBHAHHA

ax =Db, (1.2)
peaib-uiniumcna, 0<a<m-1i0<b<m-—1.

3p0o3yMino, Wo po3B'A3aHHA TaKOro PiBHAHHA 3BOAUTLCA A0 PO3B'A3AHHA NiHIMHOT KOHTPyeHU,i

ax = b(mod m).

3 Kypcy Teopii uncen gobpe BiAOMO, LWLO AOCNIAKEHHS KiNbKOCTI pO3B'A3KiB OCTaHHbOI KOHIPYEHL,ii 3a1eXUTb Big, 3HaYeHb
uncen a, b i m [13; 64]. BignosiaHo, y m-apudmeTnui uncno po3s'askis pisHAHHA (1.1) onucye HacTynHa Teopema.

Teopema 1.1. Hexali y m-apugpmemuuyi 3a0aHo niHiliHe pieHaHHA @x = b. Todi:

1) ye pisHaHHA Mae eduHuli poss’azok x = @ 'b, akwo (a, m) = 1,

2) pieHAHHA He Mae po3e’askie, Akwo (a, m) = d > 1 iyucno b He dinumescsa Ha d,

3) pieHAHHA mae d po3e’askis, Akwio (a, m) = d > 1ivucao b dinumecsa Ha d.

3a3HauYMMO, LLLO eNIEMEHT @, ANA AKOTO BUKOHYETbCA yMoBa (a,m) = d > 1, € AinbHUKOM HyNA BiANOBIAHOTO KiNbLA KNacis
ANLWKiB. ToMy AnA po3s’A3HOCTi piBHAHHA (1.1) NOTPi6HO, WO6 AiNbHUKOM HyAA ByB | enemeHT b (Npuuomy b mae ainuTbes Ha d).

MNpuknag 1.1. Po3B’A3aT PiBHAHHA

4x =2
y apudmeTnKax 3a mogynammm =51am =6.

1) Hexaii m = 5. Ockinbku (5,4) = 1, To y Uili apudmeTnL faHe PiIBHAHHA MA€ OAUH PO3B’A30K, NPUYOMY

x=4"1-2=4-2=8=3.

2) Hexain Tenep m = 6. Ockinbku (4,6) = 212 i 2, To AaHe PIBHAHHA MaE [Ba PO3B’A3KM. HeBa)KKo NepekoHaTuCcs, Lo
HUMME: X = 2 Tax = 5,

OCKinbKM BUMAZKY NPOCTOro Yncna m (m = p) KinblLe Knacis AWLLKIB Z, € nonem, 10 y p-apudmeTuLi anroputm
[OCNiIAKeHHA piBHAHHA (1.1) noAi6HUI A0 aNropuUTMa AO0CAIAKEHHA NiHINHOMO PIBHAHHA Y MHOXMWHI AINCHUX Yncen.

Hacnigok. Hexaii 3ad0aHo niHiiie pisHanHa (1.1), de @ i b — enemenmu deskoi p-apugmemuku (p — npocme 4ucno),
0<ab<p-1.Todi

1) sAkwo @ # 0, mo daHe pisHAHHA Mae eAUHUL PO38’A30K X = a-lb;

2) Akwoa =0 ib=0,mo p038’A3KAMU PiBHAHHA € yCi p enemeHmis OaHOT apugmemuKu;

3) akwo @ = 0ib # 0, mo daHe pisHAHHSA po36’aA3Kie HE MAE.

Mpuknag 1.2. Po3B’s3aTh PiBHAHHA 27x =8 y 43-apudmeTtuui.

Maemo: a = 27, p = 43, b = 8. 3a HacnigKoMm Le PiBHAHHA Ma€ OAMH Po3B’A30K. [loAaMo 0 NiBOT YaCTUHU PiBHAHHSA
Bupa3 —43x, KpaTHUI Moaynto. [licTaHeMO PiBHAHHA:

—16x =8,
piBHOCUAbHE AaHoMy. Moainnmo Tenep 06MABI YaCTUHK PiBHAHHA Ha 8 Ta 4,043aMO 40 NPABOT YaCTUHU MOAYNb:
—2x =1, —2x = 44.

Moainumo o0bunaBi YacTUHU PiBHAHHA Ha —2. OAepPKUMO: X = —22 abo x = 21.

Mepeiaemo L0 pPo3B'A3yBaHHA KBAOPAMHUX PiBHAHb B p-apudMeTHKax (p — NpocTe HenapHe Yncno).

Po3rnaHemo cnoyaTky ABOYNEHHSA PIBHAHHA:

xZ =a (12)
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BUXOAAUM 3 BiJOMMX pe3y/bTaTiB Teopii KOHrPYeHL,i, Take PIBHAHHA Npu @ = 0 Mae eduHull po3e’A30K, a npu @ # 0 —
abo 0sa po3s’sa3ku, abo #0OHO20, 3aNEXKHO Bif TOro, byae YNCNO @ KBagpPaTUYHUM JIUILKOM YN HENULIKOM 33 MOAY/IEM P.
BM3HAuUNTK, UM € a KBaZPATUYHMM JIMLLKOM MOKHaA 3a KpuTepiem Elinepa [14; 79].

Npuknag 1.3. Po3s’A3aTh PiBHAHHA x2 = 2 y 5- Ta 7-apudMeTHKaXx.

3a/a4a 3BOAMTLCA [0 3HAXOAXKEHHA 3HauyeHb KOPeHs KBaApaTHOro 3 2, AKWIA y 5-apudmeTtnui He icHye [12], 6o 2 —
KBaAPaTUYHUI HENMILOK 33 moaynem 5. OTxe, y 5-apudmeTuui gaHe piBHAHHA PO3B’A3KIB HE MaE.

3’Acyemo Tenep, Y4 Ma€E fAaHe PiBHAHHA pPo3B’A3KM y apudmeTuui 3a mogynem 7. CKOpUCTaeEMoChb KpuTtepiem Einepa:
=77 =2 =1 OTe, y 7-apudMeTHL Lie PiBHAHHA MaE 4Ba PO3B’A3KMU. HeBaXKKO NepPeBipUTH, WO HUMK €: X; = 3, X, = 4.

3a3HauMMoO, WO Y AOBINbHUX M-apUPMeTHKax PiBHAHHA (1.2) moxKe maTu binblie, HiXK 4Ba PO3B'A3KM, WO NiATBEPAKYE
HaCTYMHWUIA NpUKnaa,.

Npuknapg 1.4. Po3s’a3aTh piBHAHHA x2 = 1y 8-apudmeTuuj.

MpocTm nepe6opoM efeMeHTiB 8-apUPMETUKM HEBAXKKO MEPEeKOHATUCH, L0 PIBHAHHA Mae 4 po3B’asku: x; = 1, X,
=3,x3=5,x,=7.

Po3rnaHemo Tenep noBHe KBagpaTHe PiBHAHHA

ax?+bx+c=0 (1.3)

y p-apuomeTui (p — npocTe Yncno) Ta 3Hanaemo Gopmyny 06UNCIIEHHS NOTO KOPEHIB.

OckKinbkn
b 4ac—b?
ax?+bx+c=a(x+-—)% +—,
2a 4a
1o piBHAHHA (1.3) eKBiBaNEHTHE PIBHAHHIO
b%-4ac

c-b?
a 4a?

b2  4a
a(x + 2a) —,

3 0CTaHHbOI PiIBHOCTI 3HaKAEMO X:

_ b2 _
—0360(x+2a) =

+Vb2—4ac
2a
Omxe pisHAHHA (1.3) He mae pos3e’askis, AKWO Yy AaHii apudMETULi He MOXKHA BM3HAYMTM 3HAYEHHA KOPEeHA 3

b
x+—=
2a

ANCKpUMiHaHTa V b2 — 4ac (To6To, AUCKPUMIHAHT € KBaApaTUUHUM HEMWKOM), | Mae 080 po368’A3KU, AKLLO AaHa apudmeTrKa

MICTUTb 3HaueHHs  bZ — 4ac (T06T0, AMCKPUMIHAHT € KBagpaTUUHUM AuwKom). Lii po3s’asku piswi, akwo b2 —4ac # 0 i
cniBnagatoTb, Konn b2 — 4ac =0. Y sunaaky 2-apudmeTrki Gopmyna BTpayae 3MicT, Yepes Te, L0 BUKOHYETLCA AiNeHHA Ha 2.
Npuknag, 1.5. Po3s’A3aTh piBHAHHA x2 + 2x+4=0 y 7-apudpmeTnui.
D=%—4-4=4—16 = 2= +D =3a6ovD = —3 = 4. OCTaTO4HO MAEMO:

-2-3_ =%

=547 _2_ 7, 288 _1_17_ _6_ _3_73
==z =5 ;7 ln== TIT 7 T I 3=4.
Npuknag, 1.6. Po3s’a3atn pisHAHHA 3x2 + 4x — 5 = 0y 11-apudmeTuu;
3Haligemo auckpumiHanwT: D = 16 — 4-3-(=5) =5 + 1-5 = 10.
11-1

Ockinbkn 10 € KBaApaTMYHUM HeaMWwKom no mogyo 11 (6o 107z = —1 (mmod 11)), To VD He icHye. OTxe, gaHe
PiBHAHHA PO3B’A3KIB HE MakE.

Mepelinemo no po3rnagy anzebpaidHux pisHAHL 8UWUX cMerneHis Yy p-apudmeTuKax Ta 4OCAIAMMO YMCAO X PO3B'A3KIB.
Hexalt Maemo piBHAHHA

Tpx"+.. +ax + a5 =0 (1.4)
e N — HaTypanbHe YUCNO, Ay, ..., Ay — ENEMEHTU P-apUOMETUKM.

Yucno n HasMBaOTb cmeneHem piBHAHHSA (1.4), AKWO a,, He AiNUTbCA Ha m.

Buxogauu 3 BilOMUX TBEpAXKEHD TEOPIT KOHIPYEHLN, Y BUNAZLKy NpocToro moayns (m = p)isaymosu, won < p —1,
piBHAHHA (1.4) mae He binblwe n po3B’A3KiB. AKLLO X BKa3aHe piBHAHHA Mae binblie n po3B’A3Kis, TO BCi KoedilieHTH AinaTbcs
Ha p.

3ayBaXKMMO, WO Y BUNAAKY L = P CTeMiHb KOHrPyeHL,ii MOXHa 3MeHLINTU, BUKOPUCTOBYIOUM Many Teopemy Pepma [13;
139] Ta noginuewu nisy yactuHy (1.4) Ha gsouneH (x? — x). OTpUMaHe TaKUM YMHOM DPIBHAHHA Yy AaHii apudmeTuui byae
piBHOCU/IbHE A@aHOMY Ta MaTUMe CTeniHb, Wo He nepesuwye p — 1.

3p03yMinio TaKoX, WO B P -apudMeTuL,i 32 NPOCTOI OCHOBOIO P PIBHAHHA

xP =1 (1.5)
mae TouHo (p — 1) po3s’askiB: oro 3rigHO 3 mManow Teopemor depma 3a40BONBHAIOTL YCi HEHYNbOBI enemMeHTH aAaHoi
apudMeTUKM. Bibll Toro, AKILO d — HaTypanbHUi AinbHUK uncna (p — 1), To pisHaHHA x¢ = 1 abo He mae po3BA3kiB, abo Mae
mae ¢ (d) poss’askis [14;132]. 3HaliTut Ui PO3B'A3KM MOXKHA MeTOAOM Nepebopy MHOKUHU Zj,.

Y 3aranbHOMY BMNAAKy PO3B’A3aTU ABOYNEHHE PIBHAHHSA

ax"=b
y p-apndmeTULi MOXKHa, CMMpPakoYMCh Ha Teopito iHaeKciB (abo gucKkpeTHe norapuomysaHHa) [14; 141]. 3okpema, piBHAHHA BUAY

p-1
x™ =a,n < p poss’AsHe y p-apudmeTuLi ToAj i TiNbKM Toai, KoM mae micue pisHicte @ » = 1 [14; 144].

Npuknaga 1.7. Po3s’a3at B 3-apudmeTuui pisHanHa: x* + 2x3 — 2x2 + x + 1 = 0.
BMKOPMCTAaEMO MeTog, nepebopy Ta MNiACTaBUMO Yy PIBHAHHA eNeMeHTU AaHoi apudmeTuku. Moro 3a40BONbHAIOTL
3HaYeHHA X = 1, x = 2.
3a3HauMMoO, L0 MOXKHa BY/10 COYATKy NOHM3UTY CTERiHb LIbOFO PIBHAHHS, NOAINMBLLM NiBY YaCTUHY Ha XP — x = X
a60 BMKOHytoUM 3aMiHy X3 = X. Y LIbOMY BUNAZKY MaEMO
x?4+2x—2x*+x+
—x?+3x+1=
x

3 —x
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3BigkMx =1, x = 2.

Npuknag, 1.8. Po3s’Aasatn y 5-apudmeTu pisHaHHA: x1°© — 2x + 1 = 0.

CNpOoCTMO PIBHAHHSA, BUKOHYIOUM 3aMiHy X° = x

—-2x+1=0,
(x -1%?=0,

3Bigku x = 1.

Npuknag 1.9. 3’'AcyBaTM, NPU AKMX 3HAUYEHHAX NapameTpiB @ib pisHAHHA x3 + ax +b = 0 mae Tpu Po3B’A3KM Y
5-apupmeTnui.

Mo3HaYMMO X1, X5, X3 — PO3B'A3KM AAHOTO PIBHAHHA (¥; # X; npu [ # j. MiACTaBUMO KOMHE 3 LMX 3HaYeHb y AaHe
PiBHAHHA Ta BiAHIMEMO 3 NepLUOoi PIBHOCTI ApYyry Ta TPeTHO:

B-xi+alx,—x,)=0x—x3+a(x —x;)=0.
CKopoTMMO nepLuy piBHiCTb Ha (X; — X5), @ Apyry —Ha (X, — X3):
X2+ XX+ X2 +a=0,%x+ H¥%+xs+a=0.

BiAHABLM NOYNEHHO Ta CKOPOTUBLLM Ha X, — X3, AICTAaHEMO: ¥; + Xy + X3 = 0. OCKINbKM 3HAUYEHHA ¥; Pi3Hi, TO OCTaHHIO
PiBHICTb 3340B0bHAIOTL AnLe knacu: 0,1,41a 0, 2, 3.

Y nepliomy BUNaAKy, NiAcTaBuswM 3HaueHHs 0, 1,4 y piBHAHHA, MAEMO:

b=0,1+a+b=0, 4+4a+b=0,

38igkm b = 0§ @ = 4. AHanoriuHo, a4na 3HaveHs 0, 2,3, gictaHemo b =0i @

OT:Ke, BKa3aHe PiBHAHHA Mae TpW PO3B’A3KM, AKWo b = 0ia=4ib =

2. Po3B'A3yBaHHA cUCTEM NiHIHUX PiBHAHD Y p-apudpmeTrKax

PosrnaHemo cuctemy NiHiMHUX PIBHAHD 3 HEBILOMUMM X1, X5, ..., X, Y P-apudmeTuui (p — npocte uncno):

Ay1X; + BypXy + o+ ApXp = by
1% + g%z + -+ + GpnXn = by

(2.1)
kdmlxl + AppXy + o+ A Xy = by
Ae @;; i b; — enemeHTn p-apudmeTmKm.

Ockinbku Kinbue Zp,, Ha 0CHOBI Akoro byAyeTbea faHa apndmeTHKa € nonem, To ANA PO3B'A3yBaHHA cuctemu (2.1) moxHa
BMKOPWUCTATK yCi pe3ynbTaTtH, BifOMi 3 Kypcy NiHiMHOT anrebpu gna cuctem AiHIMHUX PiBHAHb Hag uMcnosummu nonsmum [13; 194].
30Kpema, A1 po3B’A3aHHA cuctemu (2.1) MOXKHa BUKOPUCTAaTU METOZ, BUK/IIOUEHHA HeBigomux (abo metog, Maycca), a y BUnagky,
KOJIM YNC/O PiBHAHb AOPIBHIOE YNCAY HEBIAOMMX, — TEOPIO BU3HAYHMKIB | NpaBuao Kpamepa.

Ona pocnigxeHHs cuctemn (2.1) MOXKHA BUKOPUCTOBYBATM TAKOXK KPUTEPI CyMiCHOCTI CUCTEMM NiHIMHMX PiBHAHDb, WO
nosAra€ y NopiBHAHHI PaHriB OCHOBHOI Ta PO3LWMPEHOT MaTpULb cUCTEMU. EAMHOIO BIMIHHICTIO Bif, CUCTEM NiHIMHMX PiIBHAHb HAZ4,
YNCNOBUMM NONAMM € Te, LLO Y BUNAAKY CYMiICHOCTI CUCTEMM BOHA 3aBX AN MAE CKiIHYEHHEe YNCN0 PO3B’A3KIB.

Teopema 2.1. [13; 194] Hexali y cucmemi (2.1), wjo po3ensdaemoecsa y p-apudmeTuLi, m = n i 8UZHAYHUK OCHOBHOI
mampuyi A # 0. Todi cucmema (2.1) mae eduHuli po38’a30kK, AKUL BUSHAYAEMbCA 3 pigHOCmeli:

Axy = Ay, Axy = Ay, ., A, = Ay,

3a3HauMMO, LLO TBEPAKEHHA TeopemMMu 3a/MLIAETLCA NPABUAbHUM i Yy BMNAAKY A0BiNbHOT Mm-apudMeTMKM 33 YMOBU
(A,m) = 1.

X+ x,+x3=1

Mpuknag 2.1. Po3s’asatn y 11-apudmeTunui cuctemy piBHAHb: § X + 2x2 — X3 = 0.

3x; +3x,+8x3=5

064YNCAMMO BM3HAYHMK OCHOBHOI Ta AOMOMIKHUX MATPULLb, KOPUCTYIOUMCb BAACTUBOCTAMM BU3HAYHMKIB Ta BUKOHYHOUM
apuomMeTnyHi aii 3a npasunamm 11-apuomeTmku.

11 1] _ 11 1] _ 11 1] 11 1] _
A=11 2 -1I|=5#0A =0 2 -1|=44,=|1 0 -1 0, 12 0/=2
3 3 8 15 3 8 - 3 5 81 3 35

3a Teopemoto 2.1 Maemo: x; = % =4-9=3,:x, = % =10-9=2,:x5 = % =2-9-7,

X1 + X + X3 = 1
Mpuknag 2.2. Po3s’asatu y 7-apudmeTuLi cucTemy piBHAHb: { X; + 2x2 — 3x3 =0.
2x; +3x, +5x3 =1

11 1
Y paHomy Bunagky A= |1 2 —3[ =0, Tomy Teopemy 2.1 3actocyBaTM HemoKaMBO. OCKiNbKM PaHrM OCHOBHOI i
2 3 5
pO3LWMpPEHOi MaTPULL JOPIBHIOKOTb 2, TO cMCTeMa cyMicHa. 3Halaemo ii po3s’AskK. A Lboro BUKOpUCTaEMO meTtoz Maycca:

11 1)1\ (1 1|1\ (11 1|1
2 3 5l1 0 1 3I1-1 00 010

OTXe, cucTema Ma€ OAHY BinbHY 3MiHHY. Hexait Le byae x3. Togi:
Xy —4x3 =—1 Xy =4x3—1 X, =4x3—1
- - o Aex; €{0,1,...,6).
X +x,+x3=1{x; =—x, —x3+ 71 (x; = —5x3 + 2
BucHoBKK. Y apudmeTnKax 3a NpocTMm moaynem poss’AsyBaHHA anrebpaiyHmx piBHAHL Ta ix cuctem mae Harato
CMiNILHOTO 3 TUM, AK BOHW PO3B’A3YIOTHCA Y YMCAOBUX MHOMKMHAX. 30Kpema, NpaLoloTb TBEPAMKEHHA NPO YNCNO PO3B’A3KIB,
CXOXXMMMU € aNrOPUTMM PO3B’A3YBAHHA NiHIMHMX Ta KBAAPATHUX PiBHAHb Ta CUCTEM NiHIMHMX PiBHAHb. Y apudmeTuKax 3a
CKNafeHUM MoZy1eM BKasaHi airopuTMu NpaLLioloTb He 3aBXAM, WO iNOCTPYIOTb HaBeAeHi NPUKNaau.
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SOLVING ALGEBRAIC EQUATIONS IN MODULAR ARITHMETIC
T.D. Lukashova, M.V. Lukashova, K.V. Marchenko
Makarenko Sumy State Pedagogical University, Ukraine

Abstract. It is necessary to perform arithmetic operations for a particular module in many tasks of Theory of Numbers,
Discrete Mathematics and Cipher Theory. In this case, each integer can be identified with the remainder of this module and
consider a plurality of residues as a new Modular Arithmetic.

In spite of the fact arithmetic operations over elements of an algebraic structure formed in this way are introduced in the
same way as they are defined for integers, and are determined by the corresponding residues from division into a module.
However, depending on the module, some features may arise when multiplying the classes of residues and derivative operations,
elevation to degree and extraction of the root, when solving equations and their systems.

In Arithmetics for a simple module, the results of the operations of subtraction and division for a non-zero element also
are the elements of the corresponding Arithmetics. Therefore, they can be considered without negative and fractional expressions.
Moreover, in such an Arithmetics, most of well-known algorithms of solving algebraic equations and their systems are preserved.
On the other hand, in the Arithmetics for the compiled module, the established rules may be violated, what is explained by the
existence of dividers of zero in them.

Despite the fact that the implementation of arithmetic operations in finite Arithmetics basing mostly on the Theory of
Congruences and the Theory of Rings, which are studied in the course of Algebra and Theory of Numbers, only some individual
publications are devoted to the study of Modular Arithmetics, the peculiarities of the implementation of arithmetic operations
and the solving algebraic equations and their systems, in them.

In this article peculiarities algebraic equations and their systems in Modular Arithmetic. The solvability of certain types of
algebraic equations (in partiqular, linear and square equations), as well as systems of linear equations in arithmetic by a simple
module, is explored, and the corresponding algorithms and examples are given. The problem of solvability of certain types of
algebraic equations, as well as systems of linear equations in Modular Arithmetic is explored. Corresponding algorithms and
examples are given in this article. The material of the article can be used in the study of relevant topics in the Theory of Numbers
and Discrete Mathematics, as well as at the lessons of the special courses and mathematical circles.

Key words: rings of residues classes, Modular Arithmetic, Finite Arithmetic, algebraic equations, linear equations, systems
of linear equations.
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