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CTPYKTYPHI BNACTUBOCTI PALLIOHAJIbHUX YNCEN —
BAX/IMBA CKNAAOBA MATEMATUYHUX 3HAHb BYUTENIB MATEMATUKHU

AHomayia. Y cmammi docnidxcyromoca 0eski enacmusocmi nons (Q; +, +; 0, 1) pauioHaneHuUx Yuces, (io2o niokineyb ma
nidzpyn adumueHoi epynu (Q; +; 0) i myasmunaikamusHoi epynu (Q \ {0}; -; 1) ybozo nons.

OOHUM i3 OCHOBHUX MiOKineyb Moaa PayioHanbHUX 4Yucesn € Kinbye uinux vucen. Cmumynaom (i02o po3wiupeHHA 00
MIHIMAbHO20 YUC/I08020 045, AKUM € 0s€e PayioOHAAbHUX Yuces, € npobaema po3e’A3HOCMI piBHAHHA ax = b 3 yinumu
KoegiyieHmamu. Ymosa miHimaneHocmi noss, 0e Ha3eaHe pisHAHHA MA€E pPo36’A30K npu a # 0, 0ae 8i0nogidb HA MUMAHHA NPo
306paxceHHA 008i1b6HO20 PAYIOHANbHO20 YUCAA YACMKOK 080X Yinux Yucesl.

Omice, MHOXCUHA payioHanbHux yucen Q =Z U Q \ Z, 0e Z— mHOMCUHQ yinux yuces, a Q \ Z- mHoxcuHa 0pobosux yuces.
3a2as16H08I00MUM € 00HO3HAYHe NOOAHHA byOb-AK020 payioHanb6Ho20 Yucaa q # 0 HeckopomHum dpobom. [Tpome, 0OHO3HAYHUX
3anucie HeHy1boBUX PAUiOHANBHUX YuCes iCHYE HeCKiHYeHHA KinbKkicmo. Hanpukaad, yikasum i KopucHUM y 6azameox 3a0a4ax €

00HO3Ha4He MOOGHHA PayioHansHozo vucaa q > 0y euenadi: g = pnﬁ , 0e p — npocme HamypasneHe 4yucno, n € Z, a i b —
b

na
.

Cmoco8HO Kineyb payioHanbHUX yuces, po32aaHymo nUMaHHA ix OuckpemHocmi ma wjineHocmi. [lJosedeHo, 30Kkpema,
wWo WinbHUM byde KoxcHe nioKinbye noaa pauyioHanabHuUx yuces, Ake micmume dpobose Yucso.

Mpu OdocnidxeHHi senacmusocmeli YUCA08UX M01i8, AKUX HE MAE ose PayioHAnbHUX 4uces, MPOOeMOHCMPOBAHO
0dosedeHHs lio2o HernosHomMu 6e3 8UKOPUCMAHHSA ippAUioOHAAbHUX Yuces.

Mpu po3enadi adumueHux i MyaemMuUnNAIKAMUBHUX 2Py PAYIOHALHUX YUCes 3aMPONoHOBAHO O0HE 3 MOXIUBUX 008edeHb
moezo, wo epyna aemomopgpiamie epynu (Q; +; 0) izomopegpHa epyni (Q \ {0}; -; 1), a epyna asmomopdpiamie nidepyn zpynu (Q; +; 0)
izomopgpHa nidepynam epynu (Q \ {0}; -; 1). Lel pakm npointocmpoeaHo Ha npukaadi epynu (Z ; + ; 0) uinux yucea ma epynu
(Qp; +; 0) p-osux dpobie 015 008iLHO20 MPOCMO20 YUCAA P.

3HaHHA Yux hakmie Gonomoxe syUMento MAamMemMamuKu no2aubumu ma OoCy4acHUMU 3HAHHA Y4Hie Mpo cucmemy
pauioHanbHUx Yucesn.

Kntouoei cnoea: 2pyna, Kinbye, asmomopgiam, pauioHasnsHe Yyucso, 0pib, dpobose Yucao, OUCKpemHicms, WinbHicme.

HamypanoHi Yucnaa, npudomy (a,b) = (a, p) = (b, p) = 1. Ana q< 0 eidnosidHo mamumemo: q=—p

MocraHoBKa Npobaemu Ta aHani3 cyvacHux aocnipxeHb. CnogisaHHA 6araTbox BYEHUX — MaTemaTuKiB XIX cToniTTa npo
Te, WO pe3ynbTaT iX JoCNiAXKeHb Yepes CTONITTA 6yayTb BUBYATU B LLUKONAX, HE CNPABAUAUCE. BUAATHUI HIMELbKMI MaTeMaTUK
i negaror ®.KneiiH (1849 - 1925) noknas 6araTto 3ycunb gna obrpyHTyBaHHA iael moaepHisal,ii WKiNbHOT MaTemaTUYHOT OCBITU.
B po6oTi [1] BiH AOCUTb KPUTUYHO OLIHMB CUTYaL,it0 3 BUKNALAHHAM MATEMATUKKM, AiALWOBLWK BUCHOBKY, LLO HE iCHYE iHLIMX
npeAMEeTIB LWKINbHOT OCBITH, MPX HaBYaHHI AIKMX NaHyBana b1 TaKa K PyTUHA, AK NPU HaBYaHHI MaTeMaTuKKU. Kypc enemeHTapHoI
MaTEeMATWKM, O BMBYABCA | BUBYAETbCA BLUKOAI, OyB A0CUTL AaBHO chopmoBaHMiA. Hac Big Yacy B LbOMY Kypci OAHi 3apadi
3aMiHIOIOTbCA Ha iHWI (LLe HOCUTb HAa3BY OCYYACHEHHSA TEKCTIB 3a4a4), BUKNOYAOTLCA OAHI TEMW, BBOSATLCA iHLWI, ane 3araiom Le
Mano BMJIMBAE Ha CaM LWKIiNbHUIA Kypc matemaTmku. Ha aymky @d.KneilHa Ta npoAoB)KyBaya WMoOro igen, ronnaHAcbKoro
MmaTemaTuKa i nonynsapusatopa uiei Hayku, I.®poiiaeHTana (1905-1990) abCcoNOTHO HENPUNYCTUMOIO € CUTYaLLif, KOAW LUKOAA
33/IMLLAETHCA CTOPOHHBOO 10 BCbOrO TOFO, LLLO CKAAAAE 3MICT Cy4aCHOi maTeMaTuku (2, 3].

3 TOro 4acy MmalKe Hi4oro He 3MIHWMIOCA MPU BUBYEHHI KNAaCMYHMUX PO3AiNiB Cy4yacHOI maTeMaTuKu. Yepes ue mu
BBAYKAEMO, L0 KPOKOM ynepes y HaBYaHHi efleMeHTapHOi maTemMaTnkun 6yno 6 Aocniax)eHHs NMTaHb eneMmeHTapHoi MaTemMaTKu
3 NO3ULIM Cy4aCHOI BMLLOT MaTeEMATUKK, B AKili AOMIHYIOTb CTPYKTYPHI Migxoau, 3 AKMMK, B CBOIO Yepry, 060B’A3KOBO NOBMHEH
6yTV 03HANOMNEHUI BUMTEIb MAaTEMATUKM CYYACHOT LUKOAU.
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MerTa cratTi. [poaHaniayBaTM OCHOBHI CTPYKTYPHi BIaCTMBOCTI paL,iOHa/IbHUX YMCEN 3 MO3ULIN Cy4acHOi MaTemMaTuKK,
3HAHHA AKMX JONOMOXKE BYUMTE/IIO OCYHAaCHUTU 3HAHHA CBOIX YYHIB.

Metoau pocnigKeHb. 3aranbHo anrebpaiyHi MeToan 3 BMKOPUCTAHHAM OCHOBHMX GaKTiB Teopii BNOPAAKOBAHWUX
anrebpaiyHMx CTPYKTyp Ta pes3ynbTaTiB aHanisy HaB4ya/bHO-METOAMYHOI i MaTemMaTUYHOI NiTepaTypu WoA[0 CTPYKTYPHUX
B/1IACTUBOCTEN YNCIOBUX CUCTEM.

Buknap ocHoBHOro marepiany.

CmpykmypHi en1acmugocmi payioHaabHuUx 4yucesn.

Y Kinbui (Z; +, +; 0, 1) winmx yncen He 3aBXKAM € PO3B’A3KM PIBHAHHA ax = b.

BWHMKaE 3a43a4a PO3LWMPEHHSA KinbuA (CUCTEMM) LiANX YMCEN 0 TaKOi MiHIMaNbHO MOXIMBOT cucTemu, ae 6 uei Heaonik
ycyBaBcA. B TaKkil cuctemi noBWMHHI HeobmerKeHO BWMKOHYBaTUCA onepauii foAaBaHHA i MHOMEHHA i efnemeHTis, WO
334,0BO/IbHANM 6 5 3aKOHIB: acoLiaTUBHWI (804aBaHHSA | MHOXEHHA), KOMYTaTUBHUI (A04aBaHHA | MHOMKEHHS), AUCTPUOYTUBHUI
(MHOeHHA BiAHOCHO A0pJaBaHHA). Kpim uboro anrebpaiyHMMM onepauismu TaKoXK MOBWHHI OyTW BiAHIMaHHA Ta AineHHA
e/IeMEHTIB Yy NiAMHOMWHI HEHY/IbOBUX e/leMeHTiB. Yce ue pasom BM3Hauyae cuctemy (Q; +, +; 0, 1) pauioHanbHMX Yncen, AKa €
MiHIMAaNbHUM YNCNOBUM NOJIEM.

[na cnpolueHHA 3anuciB y noganbliomy byemo HasmMBaTh CUCTEMY 33 MHOMKUHOK-HOCIEM: KinbLe Z, nose Q, ToLwo.

MPUHLMNOBUM € NMUTAHHA NPO 300paXKEHHsA paLioOHa/IbHUX YMCen 3a AONOMOrO LinxX Yucen. Bianosigb Ha Hboro fae
3ara/sibHOBIAOMa Teopema

Teopema 1. bydb-sike payioHasbHE YUC/O0 € YACMKOO 2-X Yinux yucesn:

VqeQ Jaecz ez \{0} (q:%).

LosedeHHs. PosrnaHemo MHOXMHY M = {q = % |aeZ AbezZ\{0}}Tanokaxemo, wo M =Q.

a
Cnpasgj, ana VaeZ (a:I),Tomya eMiZc M.

AKWo
a
qlzﬁeM,q2 =—2¢cM,
b, b,
TO 33 BAACTMBOCTAMM OMNepaLiit y Noni Maemo:
b, +a
00, = GUEL L eM
byb,

) Q1q2:a1a2 eM, i_aibz

bb, d; b

€M npu g, 0.

Ome, (M; +, -) — none.

Y 3B’A3KY 3 MiHiManbHIcTIO Nona Q oTpMMaemo, Wwo M = Q i Teopemy A0BEAEHO.

Binbw ¢opmanisoBaHe AoBeaeHHA Teopemn 1 3 MOCMAAHHAMM Ha aKCioMaTUYHE O3HAYeHHA CUCTEMM paLioHasIbHUX
yncen MOXKHa 3HaiTu B [4, Teopema 6.1; 5, Teopema 5.9].

a
Hacnidok 1. Hexali ( = E — [0BiNbHE pauioHanbHe yncno. MNpu ubomy

q:3:£<:>ad:bc,
b d

nea, b,c,deZib=0,d=0.
L a C -1 -1 . .
LosedeHHA. Mepenunwiemo piBHiCTb E = E HacTynHMm YmHom ab™ = cd ™ Ta AOMHOXMMO NiBY | NPaBy YaCTUHM Ha bd.
0Odepxumo ad =bc .
AKLLO K Tenep oTpUMaHy PiBHICTb LJOMHOXUTU Ha bld1, To byaemo maTm ab*=cd™, woicnig byno posecTu.
3 HacniaKy 1 BUN/MBAE, WO KOXKHE paLioHaabHe YUCN0 HEOAHO3HAYHO NOAAETLCA YAaCTKOM ABOX Linnx uncen (apobom):
a_am _am,
b bm,  bm,

MHOMHa pauioHanbHux uncen Q =Z U Q\Z, age, AK i paHille, Z— MHOMMHA Linnx uncen, a Q\Z — mHoXMHa apoboBmx

=..,0em ez\{0},i=1,2,..,k,..

pauioHanbHUx yncen. Toai AKWO g € Z, To 3anuc I — 0HO3HaYyHe NoAAHHA Linoro ymcna apobom. AKWO K g € Q\Z, To 3anuc

a
(0 =— 6yae 0LHO3HAYHUM NOAAHHAM APOBOBOrO YMcaa Apobom Toai, Konu cam apib byae HeckopoTHUM, To6To b # 11 HC/(a,b)

b

=1, nprMyomy a i b — HaTypasbHi YMCNa, KOIM YUCNO G— YNCIO A0AATHE, | @ — BiA'EMHe Line uncio, a b — HaTypaibHe YACAIO, KOMU
g — 4mnCno Big' eMHe.
LlikaBMM i KOpCHUM y BaraTbox 3a4aYax € 04HO3HaYHe NOAAHHA paLioHanbHOro uncna g = 0y surnagi

q=p"2
o

. a
e p — npocTe HaTypanbHe uncno, ne Z, a, b € Z, (a,b) = (a, p) = 1, a api6 E 3a4,0BO/IbHAE YMOBW NonepeaHboro absady.
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_ 1
Hanpuknag, Hexalt p = 3. Togi i =37 g ,a _E - 31.j . AKWO K p =2, TO ANA TUX Ke YNCeN MAEMO — = 2} —,
21 7 19 19 21 21
50 15
19 19

Ona anrebpaiuHnx cuctem (04Ha 3 AKMX — NoAEe PaLioHaNbHUX YMCEN) BAXKIUBUM € MUTAHHA NPO MOXK/IMBICTb | EAMHICTb
yBeAEeHHsA CTPOroro AiHiiHOro nopsaaKky. BnopsakosaHa anrebpaiyHa cucTEMA € CKNAAHMM MaTeMATUYHUM 06’€EKTOM, AKWIA
OAHOYACHO HAZiNeHUI anrebpaiiHo CTPYKTYPOLO (Fpynu, KifbLA, NOASA, TOWO) i CTPYKTYPOIO BNOPAAKOBAHOI MHOXWHMU, AKI MiXK
co60t0 NeBHUM YNHOM Y3TOAMKYHOTbCA.

Harapgaemo, WO BiAHOWEHHA @, 3afaHe Ha HEMOPOXHIN MHOXMUHI A, Ha3MBAETLCA BiAHOLWEHHAM CTPOroro NiHiMHoOro
NopAAKY, AKLO BUKOHYHOTHCA YMOBMU :

1) aHTupednekcueHicTe: Vae A (awa)

2) acumeTpuuHicTb: Va,be A (awb = bwa)

3) TpaHsuTuHicTb: Va,b,ce A (awb Abac = aax)
4) 38’asHicTb: Va,be A (awbv bwa va=b).

LLloao BnopAAKyBaHHA NOAA PaLiOHANbHUX YMCEN MAE MicLe HacTynHa Teopema.

Teopema 2 [4, Teopema 6.2; 5, Teopema 5.11]. lMose payioHanbHUX Yucesn MOXHA AiHIliHO | cmpoz2o enopAadKysamu
eduHUM criocobom. Lleli nopsdokK € apximedo8uM i € MPOO0BHCEHHAM MOPAOKY 8 Kinbui uinux yucesl.

CTpOrnin  NiHIMHWMI NOPALOK BM3HAYAETHCA BUOOPOM MHOXMHM QF [OAATHUX €N1eMEeHTIB MHOMXMHM Q Tak:

a
Q= {E Aab e N }. Buasnaerbes, o iHakwe BMB6paT MHOXMHY QF HE MOXHa.

Takuii NopAA0K AAE MOXKANBICTb 306parKyBaTH paLioHaNbHi YMCNaHa YMCNOBIKN Npamini. Mpu ubomy Ymcno x; € Q binblue
33 Uncno x; € Q (3anuc Xz > X1), AKLWO X, 306paXKeHO TOUKOLO, KA 3HAXOAMTLCA NPaBilLe 33 TOUKY, L0 306paKye YNC/IO X;.

ApxiMeA0BICTb nopaaKy osHauae Hactyne: Va€Q™ VbeQ® IneN (nb>a) .

Yci cTporo BnopsAAKoBaHi KiibLA (30Kpema nonsa) NnoAinaoTbCa Ha ABa KAacu Yy BigNoBigHOCTI 3 HACTYNHUM O3HAYEHHAM.

O3HaveHHA 1. Hexali (K; +, -; >; 0) —cmpoeo niHiliHo enopsdkoeaHe Kinvye, a, b, ce Kia > b >c. EnemeHm a — Hazusaemeocs
CycCiOHim 3nisa 0o enemeHma b, a enemeHm ¢ — cyciOHim cripasa 0o enemeHma b, AKWo 8 K He iCHye maKux enemeHmis X i y, AKi
300080/1bHAOMb 8i0MN08IOHO ymosu a>x>b i b >y >c.

O3HayveHHA 2. Cmpoeo niHiliHo ernopadkosaHe Kinoue (K; +, -; >; 0) HA3UBAEMbCA OUCKPEMHUM 8iOHOCHO NOPAOKY « > »,
AKWO KoMceH lioeo eniemMeHm mae  nisuli i npasuli CyciOHi  enemeHmMu, i wineHum, AKWO

Va,beK (azb= 3JceK (a>c>bvb>c>a)).

MpUKNaZOM OUCKPETHOTO KiNbuA € Kinbue (Z; +, -, >; 0) Linnx ymcen BigHOCHO NOPAAKY « > » . MPUKNAA0M LLINBHOIO KiNbLuA
enone (Q; + -; >; 0). Cnpasgi, AKWO x,y € Q, X Zyix>y,Tox > XLZy >y, Wo 3abe3nedye WinbHicTb Ana Q.

Mpw AocnigxeHHi cTPoro NiHiMHO BNOPAAKOBaHUX Kinelb Ha ANCKPETHICTD i WiNbHICTb MOXHa BUKOPUCTOBYBATK KpUTEpIit
[OMCKPETHOCTI Ta KpUTEPil WiNbHOCTI KinbLA.

Teopema 3 (kpumepiii duckpemHocmi Kinbya) [4, Teopema 4.18; 5, Teopema 4.24]. Cmpoeo 7iHiliHo ernopsadKosaHe
Kinoye (K; +, -,> 0) OuckpemHe moodi i minbKu modi, Konu MHoxuHa K* (io2zo do0amHux enemeHmis micmume HalimeHwuli
enemeHm.

Teopema 4 (kpumepiii winbHocmi Kinbysa) [4, Teopema 4.18; 5, Teopema 4.24]. Cmpoeo niHiliHe 8nopadKosaHe Kinbye
(K; +, -, > 0) winbHe Modi i minbku Mooi, Koau MHoXuHa K* lioeo 0o0amHux efemeHmie He Micmumeb HaliMeHWo20 enemeHma.

MPUPOAHO BWMHMKAE MWUTAHHA MPO iCHYBAHHA LWiNbHMX Kineub, WUPLWKMX KibUA LIIMX YMcen, ane BYXKYMX NoAs

paLioHaNbHUX YMCeN, BiAHOCHO TOrO K NOPAAKY « > ». M03UTMBHY BiANOBIAb AA€ HACTYMHa Teopema.

Teopema 5. byOb-ike cmpoeo niHiliHo enopsadkosaHe niokinoye (K; +, - , >; 0) Noaa payioHanbHUX Yuces, AKe Micmume
dodamHe dpoboese Yucso a, € WinbHUM.

LosedeHHa. Hexalt gpobose uncno aekKia > 1. Toai a?> a. 3a akciomoto Apximeaa

Ime N(ma >a?).
Po3rnaHemo NiAMHOXUHY L MHOXWHM HaTypanbHux yncen N
L={l| I-a<a® IeN}
L=J,601el, L=N,60m ¢ L. OTKe, MHOXWHA L o6MerkeHa 3BepXxy | TOMy Mae Halbinblumnit enemeHT k.
Togi ka < a?, (k + 1)a > a?. Tob7o (k + 1)a > a? 2 ka, ane ka # a?, 60 a ¢ N. Tomy a > a? —ka > 0.

MNosHaunmo a?—ka =b € K. Toai a>b,a—b =c € KiogHe 3 uncen b abo ¢ He binblue 3a E a. Mo3Haynmo ue ymcno d.

Tum cammum foseneHo, LWo nopag 3 enemeHTom a € Kia # 1 no K HanexuTb gogaTtHe uncno d < E a.

MponoBXKMBLUM MiPKYBaHHA AN d, Yepes CKIHYEHHE YMCI0 KPOKiB oaepKMmo uncno xeKil0 < x < 1.
Omke, nigkinbue (K; +, -, >; 0), Wo MicTuTb A4po60oBi YMCna, MICTUTb YMCNO X TaKe, Wo 0 < x < 1. Toaj
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lim x" =0.

n—o0
Lle o3Hauag, Wwo ans 6yab-AKoro A0AaTHOMO Ymcaa y € K 3HanaeTbea Take ymcno xte K, wo x 1< y. OTKe, 3a KpUTepiem
WwinbHocTi (Teopema 4) Kinbue (K; +, - , >; 0) € WinbHuMm.
Teopemy goBeneHo.
Hanpuknag, winbHum byae byab-ake Kinbue p-oux uncen (Qy, +, -, >; 0), ae

a
Q,={—=laeZ,neZ p-npocme uucno}.
p

Y NiHiHO BNOPAAKOBAHMX NOIAX PO3rNAAAIOTL Pi3Hi nocaigoBHOCTI. Cepes HUX OKPEMO BUAINAIOTb hyHOaMeHManbHi Ta
36iX#CHi NOCNiJ0BHOCTI.

O3HauveHHA 3. [locnidosHicme (a,) cmpoeo niHiliHoO enopsdkoseaHozo noas A= (A; + - > 0,1) Hasusaemocs
GhyHOAMEHMANbHOIO, AKUL0 BUKOHYEMbLCA yMOBA

VeeAdA” dInyeN VmeNVvVneN (m>nAn>n,= |a,—a,|<e).

O3HaueHHA 4. [MocnidosHicms (a,) cmpoeo niHiliHo enopsadKkosaHoz20 noas A= (A; +, -; >; 0,1) Hazusaembca 36iHHO0 8
noni A, AKW,0 BUKOHYEMbCA yMO8a
JacA VeeA” In,eNvneN (n>n,= |a—a,|<é).
Mpu ybomy enemeHm a HA3UBAEMbCA 2paHUYeto nocnidosHocmi (an).
Lielt dpakT 3anmcyeTbca HAaCTYMHUM YUHOM
a:hm ay.
N—0o0
BUKOPWCTOBYIOUM BAACTUBOCTI abCONIOTHOI BEMUYMHWM eNeMeHTa, AO0CUTb JIeTKO MOKas3aT, WO KOXKHAa 36iXkHa
noc/ifoBHICTb € PyHAAMEHTANbHO B AaHOMY noi. MpoTe obepHeHe TBEPAKEHHSA He 3aBXAM Ma€E micue. Llelt dakT npusBoguTh
0,0 NOHATTA MOBHOrO NoJA.
O3HayeHHA 5. Cmpozo niHiliHo 8nopsdKosaHe nose HA3UBAEMbLCA MOBHUM, AKWO KOMCHA o020 (pyHOaMeHmMansHa
nocni0o8HicMb € 36IHHOI0 Y UbOMY HC 1101i.
He3Bakaloum Ha WiNbHICTb NOAA PaLiOHANbHUX YMCEN, BOHO He € NOBHUM. Lle oAHa i3 CyTTEBMX BNACTUBOCTEN CUCTEMM
paLioHanbHUX uncen. i cig, BCTAaHOBUTY, HE BUXOAAYM 32 MeXKi NONA paLLioHaNbHUX YMCeN.
Teopema 6. lone (Q; +, - , >; 0, 1) payioHanbHUX Yucesa — He NosHe.
LfosedeHHa. [na p[oBefeHHA Teopemu [AOCTaTHbO BKas3aTM  MOCAIAOBHICTb  pauioOHAaNbHUX 4ucen, sKa bype
bYHAAMEHTANbHOIO, aNe He MAaTUMeE PaLioHaNbHOIT rpaHuL. MoKaXemo, WO TaKo € NOCAIAOBHICTb (an), Ae
11 1
a=l+—+—+..+—
21 3 n!
JocnigMmo cnoyaTKy Lo NocnifoBHICTb Ha PYHAAMEHTAIbHICTb, PO3rIALAUN PISHULIO Tpik — Apn. MaeMo:

1 ( 1 1 1 ]
A, —a, = 1+ + +.o+ <
(n+1)! n+2 (n+2)(n+3) (n+2)(n+3)-...-(n+Kk)

1 1 1 1 1 1
< 1+ + ~ o+t — |= N+l-—pmr|=
(n+1)! n+l1 (n+1) (n+1) n(n+1)! (n+1)
1 1 1
- <
n-ntn-(n+)**(n+1)! n-n!

Npw HaeXXHOMY BMOOPI N MOXKe CTaTM MeHLWMM Byab-AKOro A0AaTHOrO pauioHaNAbHOTo YMcna & Ona uboro

1

LOCTaTHbO B3ATU N > —, L0 3aBXAM MOX/ANBO B MOJi pauioHanbHUX yncen. OTKe, HEPiBHOCTI
&

Yucno
n-nl

O<a a < —1
n+k — %n
n-n!
cBig4aTh NPO PpyHAAMEHTANbHICTb NOCNIAOBHOCTI (an).
Josenemo Tenep, Wo NocNif0BHICTb (a,) HE MA€E pauioHaNbHOI rpaHuML. MpunycTMMOo NpoTuaexkHe. Hexan

nN—oo

. c
lim a":E' ¢ deN,d=0,(c d)=1.

1
—a, <—— [0 BCiX 4acCTuH an. Oaepnmo

Honamo B HepisHocTax 0 < @ |
n-nt

n+k

1
an<an+k<an+m.

OcTaHHi HepiBHOCTI BUKOHYIOTLCA AN byab-AKnX uncen n, k € N. 3okpema, i ansa n+ 1, 70610

2, <a SR
(n+2)-(n+1)!

n+1 n+1+k < an 1 +

+
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Hocnignmo Tenep nocnigosHicts (by), Ae b, =a, +—— LOAO XapaKTepy il MOHOTOHHOCTI. Maemo:
n-n!
1 1 -1
l:)n+1 - bn =, t+ —-a,— = 2 <
(n+1)-(n+D! n-nl n-(n+1)°-n!

OTxXe, NocNifoBHIcTb (b,) — cnagHa. Ockinbku

a <a.,<a <a 4, t+——————<a,+——,
n n+l n+l+k n+l (n +1) k (n +1)| n n-nt

TO, NeperLLOBLLN B LIMX HEPIBHOCTAX A0 rPaHULL Npu GpiKcoBaHOMY n i k—> 00 , OTPMMAEMO:

c 1 1
a<a.,<—<a.,+ <a, + .
"M YT ™M (n+)-(n+D! " nent

c 1
—<a, +— .

3Biacm a_ <
" d n-n!

Moknagemo n = d, ogepKMmo a, <E a, +i. Micns MHOYKEHHS OCTaHHIX HepiBHOCTel Ha uucno d-d!, byaemo maTtu
d d-d!

agd-dl<c-dl<agd-d+1
Ane HaTypanbHiuncna aq - d - d!iag d- d'+ 1 e cycigHiMm Ta MiXk HUMKM He MOXKe BYTU }KOAHOro HaTypasibHOro Yncaa. Tomy
OCTaHHi HEepPiBHOCTI € cynepeYMBMMM | TeEOpeMy A0BEAEHO.
Mpo rpynu nons pauioHanbHUX Yncen
Mone pauioHaNbHUX YMCEN CTPYKTYPHO YTBOpEeHe ABOoma abenesMmu rpynamu: agutusHoto rpynoto (Q; +; 0) i
mynbTUnaikatusHo rpynoto (Q \ {0 }; -; 1), aKi mix coboto nos’asaHi ANCTPUBYTUBHUM 3aKOHOM MHOMEHHSA BiAHOCHO A04aBaHHA
Va,beQ (a-(b+c)=a-b+a-c).
Ko’KHa 3 Ha3BaHMX rpyn MICTUTb HECKIHYEHHY KiNbKiCTb Miarpyn, sKi MatoTb WiKasi BAACTMBOCTI, WO TiCHO NOB’A3aHi 3
B/IACTUBOCTAMM PaL,iOHaNbHUX YMCES.
O3HayeHHA 6. idepyna H epynu (G; « e) Hazusaemsca cymmesoto, AKwo H N B #E, 0e B— dosinbHa nidepyna epynu G, a
E =< e >—nidepyna, wo cknadaemoca Auwe 3 HelimpasnbHO20 enemeHma.
B noganbliomy nigrpyny £ 6yaemo Ha3neaTu HY/IbOBOLO, KOAW BUXiAHA rpyna G— aAUTUBHA, | OAMHUYHOIO, KOAW BUXiAHA
rpyna G — MynbTUNAIKAaTUBHA.
Teopema 7. Y epyni (Q; +; 0) 6ydb-AKa HEHyAb08A Nid2pyna — cymmesa.
LosedeHHs. Hexait H # E i B #E — aBi HeHyNbOBI Niarpynu agutusHoi rpynu (Q; +; 0). Hexalt heHih =0, be Bib #0.

a C a C
Togai h:B, b=E nea, b, c, de Z 3Bigcn E-b(;:acE H i E-ad:acgB.OT)KeHmB;éE,inip,rpynaH— CyTTeBa.

Tepemy goseaeHo.

3ayBaskeHHs. Mpyna (Q \ {0 }; -; 1) micTuTb HeckiHYeHHO BaraTo HecyTTeBUX Niarpyn. HanpuKknag, Takoto nigrpynoto byae
nigrpyna < p >={p"| ne Z p — npocte 4ncno}, ockinbkn < p >N < q > =E, ae <g>={qg"| neZ g- npocte uncno}.

O3HayveHHA 7. Abenesa epyna (A; + €) HA3UBAEMbCA /I0KAALHO UUKAIYHOW, AKWO 6yOb-9KA CKIHYEHHA MHOMCUHQA iT
esieMeHmi8 Hanexums 00 UYUKAIYHOI nidepynu epynu A. LluKaiyHOK nidepynoto Ha3usaeMoCa nidzpyna, nopooxeHa o0OHUM
esniemMeHmom.

OTKe, UMKANIYHA rpyna < @ > CKNAZAETbCA 3 LiIMX KPAaTHUX e/IeMeHTa a B agMTUBHIN rpyni Ta 3 LiWX CTeMNeHis enemeHTa a
B MY/IbTUMNAIKATUBHIN rpyni.

Teopema 8. Mpyna (Q; +; 0) — nokansbHo yukniyra, a epyna (Q\ {0}; +; 1) — He 0KabHO YUKAIYHA.

JosedenHs. Hexait M = {ﬁ,a—2

b, b,

a
n . . . . o . -~
.,_}— AO0BINIbHA CKIHYE€HHA MHOXWHa pauloHaZIbHUX YMUcen | HeXaun b— cninbHUi

by
. . 1 .
3HAMEHHMK UMX Yncen. Toaj KOKHE 3 HUX € LM KPaTHUM Yncna B , Tob6TOo M C < E > irpyna (Q; +; 0) — NOKaNbHO UMKANIYHA.

fpyna (Q \ {0}; :; 1) — He noKanbHO UMKANiyHA. Cnpasai, Hanpukaag, uncna 2 i 3 He € CTeNeHAMM OAHOTO i TOro X
paLioHanbHOro Yncna. MpunycTtMmo, Wwo e He Tak. Toai

<))

. a . . . L .
| MOXHa BBaXkaTu Apib B HEeCKOpPOTHMM. 3BiacK 2b™ = g™, 3b" = g". 3 UMX PiBHOCTEN BUNAMBAE, WO a i b AinATbCA Hauino

Ha 2 i Ha 3, WO HEMOX/IMBO A1 HECKOPOTHOro Apoby. Omke, rpyna (Q \ {0}; -; 1) He NoKanbHO UMKAIYHA.
Teopemy foBefeHO. 3ayBaXKMMO, O iCHYIOTb iHLWI AoBeaeHHA Teopemu 8.
O3HayveHHA 9. Abenesa epyna A HA3UBAEMbCA 100iNbHOK ab0 MOBHOK, AKULO

YneN VaeA 3IxeA (nx=a)
Konu A—adumusHa 2pyna i

vneN VaeA IxeA (x"=a)

KO/IU A— MyAbmunaikamueHa apyna.
Ha npuknag, rpyna (Q; +; 0) — noginbHa, a rpyna (Q \ { 0 }; -; 1) — HenoajinbHa. Cnpasai, noainbHicte rpynu (Q; +; 0)
BUM/IMBAE 3 TOTO, WO
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vneN VaeQ (%eQ),

a HenoginbHictb (Q \ {0 }; -; 1) —3 TOro, WO, HaNpUKAaA, PiIBHAHHA X2 = p, Ae p — NPOCTE HaTypasibHE YMCNO, HE MAE PO3B’A3KIB Yy
MHOXUHI Q \ {0 }.
Tpyny (Q; +; 0) MO*KHa MUCAUTU AK 06’€AHAHHSA 3POCTaOYOI MOCNIAOBHOCTI LLUKAIYHMX Nigrpyn

1 1 1
D <{(=)<(=)<...<(—=)<...
2! 3 n!
lpyna (Q \ {0 }; ;; 1) micTnTb enemeHT -1 nopaaky 2, 60 (-1)2= 1, AKM1 NOPOAXKYE UMKAIYHY nigrpyny <—1>={1; -1}

nopAAKY 2. Bci iHLWi Ti HEOAMHUYHI NIAFPYNU HECKIHUEHHI, OCKINbKM Ana uncnaa ¢ {1; -1}, a"= 1 ana VN e Z \{0}.

Lia rpyna micTUTb HECKiIHYEHHY KiNbKICTb NiArpyn, Wo MaloTb OANHUYHMIA NepeTuH. Hanpuknag, aKLo pi, p2— Pi3Hi NpocTi
yncna, To < p1> N < p>=<1> Toai roBOpATb, WO TaKi rPynu yTBOPIOOTL NPAMMUI AOOYTOK < p;> X < py>, EN1EMEHTU AKOTO
3anucytoTbca y BUrnagi pi;mps", pe me Z,ne Z.

AsTtomopdizmu rpynum (Q; +; 0) Ta ii niarpyn

Y Teopii anrebpaiyHmx cuctem byab-sike isomopdHe BifobpaskeHHA cucTeEMM Ha cebe Ha3MBaETbCA Ti aBTOMOPdi3MOM.
[obpe BiAOMO, WO MHOMMHA BCiXx aBToMopdiamiB AaHOi anrebpaiuyHOi CMCTEMWM YTBOPHOE Tpyny BiZHOCHO iX KOMMO3MLii
(nocnigoBHOrO BUKOHAHHA LMX aBTOMOpP®i3miB). 30Kpema, AN agUTUBHUX FPYMN MAEMO HACTYNHE O3HAYEHHS.

O3HayeHHA 10. Asmomopgizmom epynu (G; +; 0) HA3UBAEMbLCA MAKe 830EMHO 00HO3HAYHe 8i00OPANEHHA O MHOMCUHU
G Ha cebe, ke 300080s1bHAE yMoOBY

Plx +y) = olx) +ply)
0717 6yOb-aKux enemeHmis x i y epynu G.

I'pyny Bcix aBToMOp®i3miB rpynu G no3Haummo AutG. BigwykaHHa rpynu AutG, Ak NpaBuIo, CynpoBOAMKYETHCA 3HAYHUMMU
TpyaHowamu. Lle nos’asaHo 3 TMM, Wo Ha rpyny AutG BnacTMBOCTI rpynu G He nepeHocATbeA. MiaTBepaKeHHAM LbOro €
aBTomopdiamu rpynu (Q; +; 0) Ta ii nigrpyn. OaHielo 3 dyHAAMEHTaNbHUX BNACTUBOCTEN paLlioHaNIbHUX YUCEN € 3B'A30K MiX
rpynamu (Q; +; 0) Ta (Q \ {0 }; -; 1), AKNI xapaKTepu3ye HacTyrnHa Teopema.

Teopema 9. Ipyna (Q\ {0}; -; 1) € epynoto asmomopapiamis epynu (Q; +; 0).

Losenenns. BigobpaskeHHs ¢x) = ax, ae aeQ \ { 0}, € B3aeMHO 04HO3HAUHMM BiA0OPAKEHHAM MHOXMHM Q Ha cebe.
OcKinbKkn

plx +y) = alx +y) = ax+ ay= px) +¢ly),
To @—i3omopdizm rpynu (Q; +; 0).

MoKaxemo, Lo iHWKX asTomopdiamis rpynu (Q; +; 0) He icHye. Hexall y — posinbHuii asTomopodisam (Q; +; 0) i Hexall
(1) = t. Mokaxemo, wo wlx) = tx ana VX e Q . Cnpasai, ockinbkn y(0) =0, To

0=1y(0) = w(-1+1) = y(-1) +¥(1) = y(-1) +t.
3Bigen, y(-1) =—t = (-1)t.

Hexait xeN. Toai y(x) = y{1+1+...+1) =xy(1) = xt.

X 0o00ankie

Hexaii x € Z\ (N U {0}). Toai wix) = (=) + (D) +...+(=1) ) = Ixlw(=1) = [x|t.

X 0ooanxie

m
Hexah X = —, pem € Z,ne N. Togi
n

mt=pim) =pn ) = e M M ™y ssiaen M= M
n n n n n n n
N ooodanxie

OTXKe, |y BUSHAYAETbCA MHOMXEHHAM YMCeN i3 MHOXWUHKN Q Ha NeBHe paLioHasibHe BigMiHHE Bif, HyNA YMcno.

Teopemy AoBeaeHo. IHWe foBeaeHHA Teopemmn 9 MOXKHA 3HANTK, Ha NpuKnag, B [7, nema 2.1].

Taknm MeTogoM MOXKHa [0CNiAXKyBaTU rpynu asTomopdismis nigrpyn rpynu (Q; +; 0). Y Teopii rpyn sigomo [6, 121,
Teopema 1], Wo B NOAiNbHIN rpyni G KOXKHWIA aBToMopdi3m cyTTeEBOI Niarpynu H npogoBKyeTbea A0 aBToMmopdiamy Beiei rpynu G.
Lle o3Havae, Wwo rpynu asTomopdismis niarpyn rpynu (Q; +; 0) € nigrpynamu rpynmn (Q \ {0 }; -; 1).

Haiuikasiwvmu cepeg niarpyn rpynu (Q; +; 0) € umkAiyvHI Nigrpynu, 3okpema, niarpyna (Z; +; 0) uinmx ymcen Ta aguUTUBHI
nigrpynu Kinbua p — osux apobis (Qp, +, -; 0), ae

Q, :{in|an,n €Z,p—npocme uucio}.
p

AOMTUBHY rpyny LbOro KiNbLA MOXHa 0AepKaTh AK 06’€AHaHHA HECKIHYEHHOr0 NIAHLLIOra aAUTUBHUX LMKAIYHUX rpyn
1 1 1
O <(=) <) <<= <
p p p

3aranbHoBigomoto € iHbopmaLis npo rpyny aBTomopdismis aauTUBHOI rpynu (Z; +; 0) winmx uncen. Mogaemo ii Teopemoto
3 KOPOTKMM [0BEeAEHHAM.

Teopema 10. Mpyna aemomopgpiamie epynu (Z; +; 0) € YuKAiYHOIO 2pynoto NopAaoKy 2.

JosedeHHs. Hexaii ¢ — noBinbHUiA aBTomopdism rpynu (Z; +; 0) i Hexait ¢(1) = t. Toai no aHanorii 3 Teopemoto 9, maemo,
wo ¢(x) =tx gna VXeZ . Akwo ¢y ) =1, To ty = 1i yine umcno t € ginbHukom 1. Tomy  t €{ 1; -1} i maemo aBTOMOpPdizmm
o(x) =xT1a p(x) =—x. OTRe, Aut(Z; +;0)=<—1>.
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Teopemy foBeaeHo.

Teopema 11. AutQp=<-1>x<p >, 0e <p >— MyabmunaiKamueHa 2pyna, NOPOOHEHA MPOCMUM YUCIOM p.

LlosedeHHs. Hexali ¢ — noBinbHUI aBToMop®iam rpynu (Qp; +; 0) i Hexait (1) = t. Toaj nerko nokasatu, wWwo ¢(x) = tx ana
VX e Qp . 3’acyemo, akMMm moxke byTun umcno t. Akwo ¢(y) = 1, To ty = 1. OTKe p — 0Be YMCAO t € AiNbHUKOM 1, TO6TO 060POTHUM

enemeHToM Kinbua (Qp; +, -; 0). MHOXMHa Taknx enemeHTiB Qp* Kinbua (Qp, +, -; 0) yTBOpIOE MmyabTUNAiKaTUBHY rpyny (Qp*; - ; 1).

k
Hexaii t>0it € Qy* Topit= (a, p)=1,0>0.0CKi}1bKVI t_lzp_er*,Toazl,at: ike<p>.
a p

pk
Akwo t<0, Tote<-1>x<p> OTKe, AutQpy=<-1>x<p>.

Teopemy noseneHo.

TaKkuni nigxia, A0 3HaXo4KeHHA rpynu AutQ, A03BONAE Y3arabHUTK pe3yabTaT Teopemn 11 Ha BUNAZOK aAUTUBHOI Fpynu

Q. :{X|X:%, oe an,n:pflpSZ...pﬁ]m,sieZ,i:1+m, p; — pisui  npocmi uucna, M1}, acame

AutQ,=<-1>xX<pP1>X<Pr>X .. X<Pm>.
BMCHOBKMW. 3HaHHA PO3IAHYTMX Y POBOTI CTPYKTYPHUX BNACTUBOCTEN PaLLiOHaNbHUX Yncen Byae KOPUCHUM KOXHOMY
TBOPYOMY BMK/IaZayy MaTeMaTWMKK, iX YYHAM i CTyAEeHTam NpW BCTAHOB/EHHI peasnbHMX 3B’A3KIB KNACMYHOI enemMeHTapHoi
MaTeMaTMKK 3 Cy4aCHOO BULLLOIO MaTeMaTUKOIO.
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THE STRUCTURE PROPERTIES OF RATIONAL NUMBERS ARE IMPORTANT COMPONENT
OF MATHEMATICAL KNOWLEDGE OF MATHEMATICS TEACHERS
Fedir Lyman, Oksana Odintsova
Makarenko Sumy State Pedagogical University, Ukraine

Abstract. There are investigated some structure properties of field (Q; +, -; 0, 1) rational numbers, some properties of its
subfields, some properties of subgroups of additive group (Q; +; 0) and multiplicative group (Q \ {0}; -; 1) of this field in this article.

One of the basic subrings of rational numbers field is integer numbers ring. The stimulus to its extension to minimal
numeral field (which are rational numbers field) is the problem of equation’s ax = b with integer coefficients soluble. When such
equation has a solution with a # 0, the minimal field condition gives an answer about representation any rational number as a
quotient of two integer numbers.

Thus, the rational numbers set Q = Z (Q \ Z when Z — the integer numbers set and Q \ Z- the fraction numbers set. The
uniquely representation any rational number q # 0 as a two integer numbers quotient is commonly known. But uniquely
representations any rational number exist infinitely a lot. For example, it’s interesting and useful for many problems next uniquely

. . . a . .
representation any rational number: if g > 0 then ¢ = p" B when p — prime number, n €Z, a and b are natural numbers being

(a, b) =(a, p) = (b,p) = 1, if g < O then q:—p”%-

On subject of rings of rational numbers field it’s consider the issues about their discreteness and density. It’s proved, in
particular, that every some ring of rational numbers field is density when fractional number belongs to it.

When we investigated the properties of numeral fields which rational numbers field don’t have,it’s showed the
incompleteness of this field. It’s proved this fact without using the irrational numbers.

It’s suggested the one of possible proof that the group of automorphisms of group (Q; +; 0) is isomorphic to group
(Q\ {0}; -; 1), when we consider the additive and multiplicative groups of rational numbers field. It’s proved that the group of
automorphisms of group’s (Q; +; 0) subgroups is isomorphic to subgroups of group (Q\ {0}; -; 1) too. The last fact is illustrated
by an example of group (Z ; +; 0) integer numbers and an example of group (Qp; +; 0) p- adic numbers for any prime number p.

The teachers of Mathematics may make the knowledge of their students more deepen and more modern with all these facts.

Key words: group, ring, field, automorphism, ration number, fraction, fraction number, discreteness, density.
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